ON POSITIVE EMBEDDINGS OF C{K) SPACES 



GRZEGORZ PLEBANEK 



Abstract. We investigate isomorphic embeddings T : C{K) — > C{L) between Banach 
spaces of continuous functions. We show that if such an embedding T is a positive op- 
erator then K is an image of L under a upper semicontinuous set-function having finite 
values. Moreover we show that K has a 7r-base of sets which closures are continuous 
images of compact subspaces of L. Our results imply in particular that if C{K) can be 
positively embedded into C{L) then some topological properties of L, such as countable 
tightness of Frechetness, are inherited by the space K. 

We show that some arbitrary isomorphic embeddings C{K) — > C{L) can be, in a 
sense, reduced to positive embeddings. 



1. Introduction 

For a compact space K we denote by C{K) the Banach space of real-valued continuous 
functions with the usual supremum norm. In the sequel, K and L always denote compact 
Hausdorff spaces. 

Let T : C (K) — )■ C (L) be an isomorphism of Banach spaces. By the classical Kaplan- 
sky theorem, if T is an order-isomorphism, i.e. g > if and only if Tg > for every 
g G C{K), then K and L are homeomorphic; see 7.8 in Semadeni's book [T7| for further 
references. On the other hand, if C{K) and C{L) are isomorphic as Banach spaces then 
K may be topologically different from L. For example, by Miljutin's theorem, C[0, 1] is 
isomorphic to C{2'^) as well as to any C{K), where K is uncountable metric space, see 
[I7j, 21.5.10 or ll4j. 

In a present paper we consider isomorphic embeddings T : C{K) — t- C{L) which are 
not necessarily onto but are positive operators, i.e. 

if ^ G C{K) and ^ > then Tg > 0. 

Elementary examples show that even if such an operator T is onto then K may not be 
homeomorphic to L, see e.g. Example 15.31 below. 

Our main objective is to determine how K is related to L whenever C{K) admits a 
positive embedding into C{L). We show that in such a case for some natural number 
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p there is a function (p : L ^ [K]-^ which is upper semicontinuous and onto (that 
is K is the union of values of ip). This imphes that some topological properties of L, 
such as countable tightness or Frechetness, are inherited by K. We moreover prove that 
K has a vr-base of sets with closures being continuous images of subspaces of L. Our 
results offer partial generalizations of a theorem due to Jarosz [6j, who proved that if 
T : C{K) — 7- C{L) is an isomorphic embedding which is not necessarily positive but 
satisfies ||T|| ■ ||T^^|| < 2 then is a continuous image of a compact subspace of L. 

Let us recall the following open problem related to isomorphic embeddings of C{K) 
spaces and the class of Corson compacta (see the next section for the terminology): 

Problem 1.1. Suppose that T : C{K) — )■ C{L) is an isomorphic embedding and L is 
Corson compact. Is L necessarily Corson compact? 

The answer to 11.11 is positive under Martin's axiom and the negation of continuum 
hypothesis, see Argyros et. al. [2]. However, the problem remains open in ZFC even if the 
operator T in question is onto, see 6.45 in Negrepontis |T2] or Question 1 in Koszmider 
|10j . In [11] we proved that the answer to 11.11 is positive under a certain additional 
measure-theoretic assumption imposed on the space K. 

We have not been able to fully resolve Problem 11.11 even for positive embeddings 
but we show in section 4 that the answer is affirmative whenever the space K under 
consideration is homogeneous. 

Our approach to analysing embeddings T : C{K) — )■ C{L) follows Cambern [3] and 
Pelczyhski [14J: we consider the conjugate operator T* : C{L)* — )■ C{K)* and a mapping 
L 3 y ^ T*6y which sends points of L to measures on K and is weak* continuous. The 
main advantage of dealing with positive T here is that the measures of the form T*6y 
are nonnegative. In fact, as it is explained in the final section, what is really crucial here 
is the continuity of the mapping L 3 y ^ \\T*6y\\. In a recent preprint we were 
able to extend some of the results presented here to the case of arbitrary isomorphisms 
between spaces of continuous functions. 

The paper is organized as follows. In the next section we collect some standard 
fact on operators and the weak* topology of C{K)*, we also recall some concepts from 
general topology. In section 3, we consider several properties of compact spaces that are 
preserved by taking the images under upper semicontinuous finite- valued maps. 

In section 4 we show that a positive embedding T : C{K) — )■ C{L) gives rise to a 
natural map L [K]^'^ and conclude from this our main results. Section 5 contains 
a few comments related to the results; in section 5 we consider arbitrary embeddings 
C{K) — i- C{L) for which the above mentioned function y — )■ ||T*(5y|| is continuous. 

2. Preliminaries 

Throughout this paper we tacitly assume that K and L denote compact Hausdorff 
spaces. The dual space C{K)* of the Banach space C{K) is identified with M{K) — 
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the space of all signed Radon measures of finite variation; we use the symbol Mi(K) to 
denote the unit ball of M{K) and P{K) for the space of Radon probability measures 
on K\ every ji G P{K) is an inner regular probability measure defined on the Borel a- 
algebra Bor{K) of K. The spaces Mi{K) and P{K) are always equipped with the weak* 
topology inherited from C{K)*, i.e. the topology making all the functionals fj. —?■ J g d/i, 
continuous for g G C{K). We usually write ii{g) rather than J^^g d/i. 

We shall frequently use the following simple remark: for every closed set F C K, the 
set 

{pi e P{K) : /.(F) < r}, 

is weak* open in P{K). 

For any x E K we write 6x G P{K) for the corresponding Dirac measure; recall that 
A(ir) = {5x : X e K} is a subspacc of P{K) which is homeomorphic to K. 

A linear operator T : C{K) C{L) is an isomorphic embedding if the are positive 
constants mi,m2 such that 

"^ills'll < \\Tg\\ < m2\\g\\, 

for every g e C{K) (so that < m2 and HT""-^!! < 1/mi). When we say 'embedding' 
we always mean an isomorphic embedding which is not necessarily surjective. 

To every bounded operator T : C{K) C{L) we can associate a conjugate operator 

T*, where 

T* : M{L) ^ M{K), T*{u){f) ^ u{Tfy, 

T* is surjective whenever T is an isomorphic embedding. 

A set M C M{K) is said to be m-norming, where m > 0, if for every g e C{K) there 
is e M such that \pi{g)\ > ?ti • ||5f||. 

Lemma 2.1. IfT : C{K) C{L) is an embedding then L 3 y ^ T*5y e M{K) is a 
continuous mapping; the set 

r*[Ai] = {T*5y : y e L}, 

is a weak* compact and m-norming subset of M{K), where m = 1/||T~^||. 

Proof. If {iit)t is a net in L converging to y then the measures 5y^ converge to 5y in the 
weak* topology of M{L), and T*5y^ — >■ T*5y since the conjugate operator is weak*-weak* 
continuous. 

li g E C{K) and = 1, then m < \\Tg\\, so there is y e L such that \Tg{y)\ > m, 
so \Tg{y)\ — \T*5y{g)\; this shows that T'*[Al] is m-norming. □ 

Every signed measure /i e M{K) can be written as /i — /i'^ — /i" , where H'^,IJ>~ are 
nonnegative mutually singular measures. We write = /x"*" + for the total variation 
\fj,\ of fj,; the natural norm of /i G M{K) = C{K)* is defined as = \ii\{K). The 
mapping /i is not weak* continuous, but the following holds. 
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Lemma 2.2. Let {fii)iei be a net in Mi{K) converging to fi & Mi{K). Then 
\fi\{g) < liminf 

for g G C{K), g > (that is the maping fi i— is lower semicontinuous) . Moreover 
> 1^1 (^) + limsup - 1, 

i 

whenever g G C{K), < (7 < 1. 
In particular, the mapping 

S = {v e M{K) : ||z/|| = 1} 9 z/ ^ G P{K) 

is weak* continuous. 

Proof. For any fixed e > there are disjoint closed sets F, H, such that 

fi+{F)+ fi-{H) > \fi\{K)-e. 

Take a continuous function h : K ^ [—1, 1], such that /i = 1 on F and h = —1 on H. 
Now for any continuous function g : K [0,1] we have 

\fi\{g) -2e < fi{hg) < fii{hg) +6 < \fii\{g) + 3e, 

for i > io E I. This shows that \fi\{g) < hminfj \fit\{g)- 

The second statement follows from the first one applied to 1 — g. 

If = 1 we get lyuKf?) > limsupj \fii\{g), so \fii\{g) — )■ \fJ'\{g), and thus the final 

statement follows. □ 

Let us recall that a compact space K is Corson compact if, for some cardinal number 
K, K is homeomorphic to a subset of the S-product of real lines 

^{W) = {x G W : |{a : ^ 0}| < co}. 

Concerning Corson compacta and their role in functional analysis we refer the reader to a 
paper [2] by Argyros, Mercourakis and Negrepontis, and to extensive surveys Negrepontis 
[12] and Kalenda [8]. 

We shall now recall several concepts of countability-like condition for arbitrary topo- 
logical spaces; if K is any topological space then K is said to be 

(i) Frechet if for every A C K and x E A there is a sequence (a„)„ in A converging 
to x; 

(ii) sequential if for every nonclosed set A 'O K there is a sequence (a„)„ in A con- 
verging to a point x E K \A; 

(iii) sequentially compact if every sequence in K has a converging subsequence. 

The tightness of a topological space K, denoted here by t{X) is the least cardinal 
number such that if every A ^ K and x E A there is a set / C A with |/| < t{K) and 
such that X G /. 
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Every Corson compactum is a Frechet space and every Frechet space is clearly sequen- 
tial; the reader may consult [5] (e.g. p. 78 and 3.12.7 - 3.12.11) for further information. 

3. Finite valued maps 

In the sequel we consider, for a given pair of compact spaces L and a fixed natural 
number j9, set- valued mappings ip : L ^ [K]-^. Such a mapping ip is said to be 

(a) onto if [jy^L^Piv) = ^5 

(b) upper semincontinuous if the set {y & L : Lpiy) C f/} is open for every open 
U (ZK. 

Clearly upper semicontinuity is equivalent to saying that the set 

^~\F] :={yeL:y.(y)nF^0}, 

is closed whenever F C if is closed. Semicontinuous mappings with finite values have 
been considered by Okunev [13] in connection with some problems in Cp{X) theory. 

The first assertion of the following auxiliary result is a particular case of Proposition 
1.2 from [13]; we enclose here a different self-contained argument. 

Lemma 3.1. Let K and L he compact spaces and suppose that for some natural number 
p there is an upper semicontinuous ip : L ^ [K]-^ onto mapping. Then 

(i) TiK) < r{L); 

(ii) if L is a Frechet space then K is Frechet; 

(iii) if L is a sequential space then K is sequential too. 

(iv) if L is a sequentially compact then K is sequentially compact too. 

Proof. To prove part (i) fix A C if and x & A. For every a G A there is ?/a G L such that 
a G f{ya)- Denote by V(x) some local neighbourhood base at x G if ; the set 

F= fl {ya-.aeVnA}. 

vev{x) 

is nonempty and for any y G F we have x G (p{y)- Indeed, if x ^ ip{y) and y G F then 
f{y) C if \ y for some V G V(x). But then 

U = {zeL: ip{z) CK\V}, 

is a neighbourhood of y which is disjoint from {ya : a G Vfl A}, which is a contradiction. 
Now fix y ^ F and choose V &V{x) such that (f{y) (1 V = {x}. Then 

yE{ya:aeAnV}, 

so by the definition of tightness there is I A (1 V with |i| < t{L) and such that 
y G {ya : a G i}. Now it suffices to check that x G i. 

If we suppose that x ^ I then (p{y) <Z K \ I (by our choice of V) so 

W = {zeL: ip{z) C is:\i}. 
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is an open neighbourhood of z which is in contradiction with W fl {ya : a G /} = 0. 

Suppose now that L is a Frechet space. Then we can argue as above but this time we 
can choose a sequence a{n) G An\^ such that ya{n) — ^ V- Then we can check that simply 
a{n) form a sequence that converges to x. Otherwise there is a cluster point x' ^ x oi 
the sequence (a(n))„ and we can find an open set Vi (^V such that x' G Vi while x ^ Vi. 
Again, 

W, = {zeL:if{z)CK\V,}, 

is an open set containing y and Wi fl {ya(n) '■ «(^) G Vi} = 0, a contradiction since a 
subsequence indexed by a(n) G Vi should converge to y. 

Part (iii) can be checked in a similar way, cf. [13j, Proposition 1.6. 

Part (iv) follows by the following: for any sequence a;„ G K we may choose ?/„ G L 
such that Xn G f{yn)- Since L is sequentially compact we can assume that ?/„ converge 
to some y E L. Then every cluster point of the sequence {xn)n must lie in ip{y) so 
{xn)n has only finite number of cluster points and therefore must contain a converging 
subsequence. □ 

Lemma 3.2. Let K and L be compact spaces and let (f : L [K]-^ be an upper 
semicontinuous mapping. If F (1 K is closed then the mapping ip : L [F]-^ given by 
ip{y) = if{y) (1 F is semicontinuous too. 

Proof. If C F is open in F then V = FClU for some open U ^ K; note that ipiv) ^ ^ 
is equivalent to ip{y) C U U {K \ F). □ 

4. Positive embeddings 

In this section we investigate what can be said on a pair of compact space K and L 
assuming there is a positive embedding T : C{K) — )• C{L). The positiveness of T implies 
that that T*6y is a nonnegative measure on K for every y E L, which is crucial for the 
proofs given below. The first lemma will show that, after a suitable reduction, we can 
in fact assume that every T*6y is a probability measure on K. 

Lemma 4.1. Suppose that C{K) can be embedded into C{L) by a positive operator 
T of norm one. Then there is a compact subspace Lq C L and a positive embedding 
S : C{K) C{Lo) such that SIk = Uo and \\S~^\ \ < \\T-'^\\. 

Proof. We can without loss of generality assume that for some m > the operator T 
satisfies m < ||T5f|| < 1 whenever \\g\ \ = 1. 

By a standard application of Zorn's lemma there is a minimal element Lq in the family 
of those compact subsets L' C L, which have the property that 

\\T9\\ = \\{Tg) \L% 

for every g G C{K). Letting h = {T1k) \ Lq we have h > m; indeed, otherwise U = 
{y E Lq : h{y) < m} is a nonempty open subset of Lq, so Li = Lq\U is a. proper closed 
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subspace of Lq. On the other hand, ii g & C{K) and \\g\\ = 1, then Tg[yi) > m for 
some yi E Lq; since Tg < Tlx — h we get yi G Li. This shows that Lq is not minimal, 
a contradiction. 

We can now define S : C{K) C{Lq) letting Sg be the function {l/h){Tg) restricted 
to Lq. Then SIk — Ilq! ^ ^ positive this implies H^H = 1. Moreover, \\Sg\ \ > \ \Tg\\ 
by the choice of Lq. □ 

Proposition 4.2. Suppose that T : C{K) — )■ C{L) is a positive embedding such that 
Tlx = II and ||T~^|| = 1/m. For an r E (0, 1] and y & L we set 

^riy) = {x e K : Pyiix}) > r}, 

where i/y — T*Sy. Then for every r G (0, 1] 

(i) (pr takes its values in [K]-^, where p is the integer part of 1/r, and is upper 
semicontinuous ; 

(ii) the set [jy^L<^r{y) is closed in K; 

(iii) the mapping iprn is onto K. 

Proof. Note first that since Vyig) = Tg{y) > for every g > 0, we have Uy G M+(fC). 
Moreover, i'y{K) = i'y{lK) = Tl^iy) = 1, so every Uy is in fact a probability measure 
on K. 

It is clear that (pr has at most 1/r elements so to verify (i) we shall check upper 
semicontinuity. 

Take an open set U C K and y E L such that (p{y) C U. Writing F — K \ U, ior 
every x & F we have i^y{{x}) < m so there is an open set Ux 3 x such that iyy{Ux) < m. 
This defines an open cover Ux of a closed set F so we have F C (J^.^^ for some finite 
set / C F. Now 

V — {z E L : Vz{Ux) < m for every x G /}, 

is an open neighbourhood of y and (p{z) C U for all z eV. 

To check (n) let us fix r > and write K(r) = U^/gl ^r{y)- Take any x E K \ K{r)] 
for every y & L we have i'r{{x}) < r so there is an open set Uy in K such that x & Uy 
and I'yiUy) < r. In turn, there is an open set 1^ in L such that for every y' G we 
have I'y'iUy) < r. We can choose a finite set J C L so that {Vy : y G J} is a cover of L. 
Letting 

ye J 

we get a neighbourhood U of x such that i^y{U) < r for every y & L, which means that 
U n K{r) = 0. Therefore K{r) is closed. 

We now prove (iii) which amounts to checking that for every x & K there is y G L 
such that J^y{{x}) > m. 
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Take any open neighbourhood U of x, and a continuous function gjj : K ^ [0, 1] that 
vanishes outside U and gu{x) = 1. Then \ \gu\ \ = 1 so by Lemma [2.11 there is y{U) G Lq 
such that i^y{u){gu) > n^- Let ?/ be a cluster point of the net y{U), indexed by all open 
U 3 X (ordered by inverse inclusion). Then > m. 

Suppose, otherwise, that i^y{{x}) < m; then there is an open set U 3 x such that 
i^y{U) < m. Since Uy is a cluster point of i'y{v), there must be V such that x G C [/ 
and i'y(v)iU) < m. But 



Theorem 4.3. //if one? L are compact spaces such that there is a positive isomorphic 
embedding C{K) C{L) then t{K) < t{L). Moreover, if L is a Frechet (sequential, 
sequentially compact) space then so is the space K . 

Proof. Note that if t{L) < n and Lq C L is closed then t{Lq) < likewise, the Frechet 
property and sequentiality are inhertited by subspaces. Therefore by Lemma [4. II we can 
assue that there is a positive embedding T : C{K) — )■ C{L) with Tl^ = 1l, and the 
theorem follows from Lemma [3. II and Proposition I4.2( iii). □ 

For the sake of the next result let us write ci{L) for the class of compact spaces that 
are continuous images of closed subspaces of a given compact space L. 

Theorem 4.4. Let K and L he compact spaces such that there is a positive isomorphic 
embedding C{K) — )■ C{L). Let p he the least integer such that T' > \\T\\ ■ ||T^^||. 
Then there is a sequence 



of closed subspaces of K such that 

(a) Kp G ci{L); 

(b) for every i < p — 1 and every x E Ki \ Ki^i there is an open set U containing x 
such that U n Ki E ci{L). 

Proof. Take a positive embedding T : C{K) — t- C{L) of norm one and write m = 
1/1 |T^^| |. As in the previous proof we can assume that Tlx = 1l- Following Proposition 
14.21 we write Uy = T*6y and (Pr{y) = {x E K : i^y{{x}) > r} for y G L and r > 0. 
Let rrii = 2*~^m for i = 1,2, . . . ,p and put 



Then every Ki is closed by Proposition I4.2( ii) and Ki = K by I4.2( iii). 

To prove (a) note that rup > 1/2 by our choice of p so every (Pmpiv) has at most one 
element. Let ipi^y) = ipmp H Kp for y E L. Then ip : L [Kp]-^ is upper semicontinuous 



J^y(V)iU) > Uy(y){U) > T^y(V)iy) > Py(y){gv) > m, 

which is a contradiction; the proof of (iii) is complete. 



□ 




y&L 
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by Lemma [3.21 and onto by the definition of Kp. li Lq = {y E L : ip{y) ^ 0} then Lq is 
closed and clearly ip defines a continuous surjection from Lq onto Kp. 

Let i < p — 1 and fix x G -ft'j \ -ft'j+i. We consider now the mapping %p defined as 
ipiil) = fniiiy) n Ki for y E L; again ip is onto and upper semicontinuous. 

We claim that x has an neighbourhood H in Ki such that \ijj{y) r\ H\ < 1 for y E L. 

Suppose that, otherwise, for every set H which is open in Ki and contains x there is 
yn & L and distinct uh,wh G H such that uh.wh G i^ivn)- Then, passing to a subnet 
we can assume that yn ^ y E L. Then i^y{{x}) < rrii^i since x ^ -ft'j+i, so there is open 
U such that i^y{U) < rrii^i. Then ^y^iU) < rrii^i should hold eventually but 

^yniU) > Vy„{{uh,Wh}) > 2mi = rrii+i, 
a contradiction. 

Take open U <^ K such that U H Ki C H; it follows that U H Ki is in ci{L), as 
required. □ 

Corollary 4.5. //T : C{K) — )► C(L) zs a positive embedding then the family of those 
open U <^ K such that U G ci{L) is a n-base of K. 

Proof. Let W K he a nonempty open set. Taking Ki as in Theorem 14.41 we infer 
that there is i < p such that the set W fl {Ki \ Ki^i) (setting Kp+i = 0) has nonempty 
interior; we conclude applying 14.41 □ 

Corollary 4.6. IfT : C([0, 1]'') — ?■ C{L) is a positive embedding then L can be continu- 
ously mapped onto [0, 1]'^. 

Proof. By the previous corollary there is a basic neighbourhood U in [0, 1]'' of the form 
U = pj^[(ai, bi) X . . . X (an, bn)], where pi : [0, 1]'' — )■ [0, 1]^ is a projection, such that U E 
ci{L). Then, taking a continuous surjection h : Lq —> U from a closed subspace Lq C L, 
we can extend h to a surjection from L onto U, and the latter space is homeomorphic 
to [0, 1]'^. □ 

Recall that a space K is called homogeneous if for each pair xi,X2 G K there is a 
homeomorphism 6 : K ^ K such that 6{xi) = X2- 

Corollary 4.7. IfT : C{K) — t- C{L) is a positive embedding and L is Corson compact 
then K has a rc-base of sets having Corson compact closures. 

If, moreover, K is homogeneous then K is Corson compact itself. 

Proof. The first part is a consequence of Corollary 14 . 5 1 and the fact that Corson compacta 
are stable under taking continuous images. 

If K is homogeneous then for every x E K there is an open set x E U such that U 
is Corson compact. Hence K can be covered by a finite family of Corson compacta and 
this easily implies that K is Corson compact too; see e.g. Corollary 6.4 in |16]. □ 
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5. Remarks and questions 
Note that Theorem 14.41 imphes the following. 

Corollary 5.1. Suppose that T : C{K) — )■ C{L) is a positive embedding such that 
\\T\ \ ■ IIT^-*^!! < 2. Then there is a compact subspace Li C L which can be continuously 
mapped onto K . 

This is, however, a particular case of a result due to Jarosz |6j, who showed that one 
may drop the assumption of positivity. It is worth recalling that Jarosz's result was 
motivated by the following theorem due to Amir pp and Cambern [3]. 

Theorem 5.2. Suppose that there an isomorphism T from C{K) onto C{L) such that 
\\T\ \ ■ ||T~^|| < 2. Then K is homeomorphic to L and, consequently, C{K) and C{L) 
are isometric. 

Our results from previous sections do not require the condition ||T|| ■ ||T^^|| < 2 for 
the price of assuming that the operator in question is positive. The following elementary 
example shows that in the setting of Corollary 14.41 the whole space K need not be an 
image of a subspace of L. 

Example 5.3. Let 

K = {xn ■■ n > 1} U {yn : n > n} U {x, y} 

consists of two disjoint converging sequences Xn ^ x, yn y (where x ^ y); let 
L = {z„ : n > 0} U {z}, where Zn ^ z. Define T : C{K) C{L) by 

Tfizo) = f{y), 

T/(..„-0= ^^""^ + ^^^\ Tfiz..) = l^^^l^ forn>l. 

Then T is a positive operator with ||T|| = 1; moreover, T is an isomorphism onto C{K). 
Indeed, the inverse S = T~^ : C{L) — i- C{K) is given by 

Sh{y) = h{zo), Sh{x) = 2h{z) — h{zo); 

Sh{xn) = 2h{z2n-i) " h{zo); Sh{yn) = 2h{z2n) - 2h{z) + h{zo)] 
so ||T-i|| < 5. 

Note that, on the other hand, K is not a continuous image of any subspace of L. 

It should be stressed that we have not been able to find a complete solution to Problem 
11.11 even for positive embeddings. 

One reason is that Corsonness is not preserved by taking images under finite val- 
ued upper semicontinuous functions: Note for instance that if we let K be the split 
interval (which is not Corson compact because every separable Corson compact space is 
metrizable) then there is an upper semicontinuous onto mapping ip : [0, 1] — )■ [-ft']-^. 
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The second reason is that facts hke Theorem 14.41 are not strong enough: Suppose for 
instance that T : C{K) — > C{L) is a positive embedding with ||T|| ■ < 4 and L 

is Corson compact. Then we conclude form 14.41 that there is a Corson compact K2 C K 
such that every x E K \ K2 has a Corson compact closure. But a space K with such a 
property need not be Corson itself — one can take for instance K = [0, coi] (the space 
of ordinals a < Ui with the order topology) and let K2 = {ooi}- 

6. Envelopes of operators between C{K) spaces 

Let T : C (K) — )■ C (L) be a bounded operator; we can consider the following function 
: L —> M. associated to T: 

e^iy)=snp{Tgiy):gECiK),\\g\\<l}. 

We shall call the envelope of T. 

Lemma 6.1. The envelope of a hounded operator T : C{K) — > C{L) is a lower 
semicontinuous function with values in [0, ||T||]. IfT is an isomorphism onto C{L) then 
1/11^^"^! I — ^^{y) ^ 1 1^1 1 /^'^ every y E L. 

Proof. If e'^{yo) > r then there is norm-one function g G C{K), such that Tg{yQ) > r, 
and then Tg{z) > r for all z from some neighbourhood V oi yo so V ^ {e^ > r}. This 
means that the set of the form {e'^ > r} is open. 

If T is onto C{L) then there is g E C{K) such that Tg = 1l] writing m = 1/||T~^|| 
we have ||^«(yf|| < 1 so e'^{y) > m for every y E L. □ 

Lemma 6.2. For every bounded operator T : C{K) — )■ C{L) we have e^{y) = \\T*6y\\ 
for every y E L. 

Proof. This follows from 

\\T*5y\ \ = sup T*6y{g) = sup Tg{y) = e^{y). 

Il9ll<l Il9ll<l 

□ 

The idea of considering envelopes is based on the observation that the assumption of 
positiveness of an embedding T : C{K) C{L) might be dropped once we knew that 
the mapping y \ \T*6y\ \ is continuous. In fact the following result explains states that 
an embedding having a continuous envelope can be, in a sense, reduced to a positive 
embedding. 

Theorem 6.3. Suppose that T : C{K) — )■ C{L) is an isomorphic embedding such that 
is continuous and positive everywhere on L. Then there exists a positive embedding 
ofC{K) into C{L x 2). 



11 



Proof. W can assume that ||T|| = 1; we have G C{L) and also h = E C{L). If 
we define T' : C{K) — )■ C{L) by T'g = hT{g) then T' is also an isomorphic embedding. 
li g & C{K), \\g\ \ = 1 then \T'g{y)\ = \h{y)Tg{y)\ < 1 so again ||T'|| = 1. Moreover, it 
is easy to check that e^' = 1. 

By the above remark we can without loss of generality assume that T : C{K) — > C{L) 
is such an embedding that | |T| | = 1 and is equal to 1 on L. As before, for every y E L 
write Uy = T*6y G M{K). By Lemma [6.21 ||z/y|| = 1 for every y E L. 

Every Py can be written as Uy = Uy — , where T^y,T^y G L^{K). Since the mapping 
L 3 y ^ Uy is continuous, it follows from the final assertion of Lemma 12.21 that the 
mapping L 3 y {uyl is also continuous, and, consequently, so are the mappings 
L 3 y ^ and L 3 y ^ . 

We now define 

e:Lx2^M+{K), ^^(y,0) = z/+, e{y,l) = Py- 

by the above remarks 9 is continuous and L' = 6[L] is a compact subset of M'^{K). 

Let us consider an operator S : C{K) C{L') where Sg{fi) = fi{g) for /x G L'. Clearly 
S is bounded, in fact ||^|| < L Let m = l/||r-i||; i.e. ||T^| > m||^|| for g G C{K). If 
9 G Bc(K) then \Tg{ii)\ > m for some y E L so {Sgi^Uy)] = \i^y{g)\ > m which gives that 
either \i'y{g)\ > m/2 or \i'y{g)\ > m/2. It follows that \\Sg\\ > m/2 so S* is a positive 
embedding. Finally, C{L') can be embedded into C(L x 2) by a positive operator sending 
g G C{L') to g o 6 e C{L X 2); the proof is complete. □ 

We can combine Theorem 16.31 with the result of previous section. We denote below 
by + 1 the space K with one isolated point added. Clearly, C{K + 1) is isomorphic 
to C{K) X M; recall that except for some pecular spaces K, C{K + 1) is isomorphic to 
C{K), see [I7|, Koszmider [9], Plebanek p]- 

Lemma 6.4. Let T : C{K) — )■ C{L) be an isomorphic embedding and suppose that 
^'^{Vo) = for some y^ G L. Then there is an isomorphic embedding S : C{K + 1) — i- 
C{L) with = + 1 > 1. 

Proof. Let T satisfy m||^|| < ||T^|| < ||^|| for g G C{K). Vnt K + I = K VJ {z] and 
define S:K + l^ C{L) by 

Sf = T{f\K) + f{z)U. 

Clearly ||T|| < 2; if / G C{K + 1) is a norm-one function then either \ f{z) \ > m/2 which 
gives \Sf{yo)\ > m/2, or \f{z)\ < m/2 which also implies \\Sf\ \ > m/2. Therefore S is 
an embedding too. Clearly e"^ = + 1 > 1. □ 

Corollary 6.5. If K and L are compact spaces and there is an isomorphic embedding 
T : C{K) — )■ C{L) with a continuous envelope then t{K) < t{L). Moreover, the Frechet 
property (sequentiality, sequential compactness) of L implies that K is Frechet (sequen- 
tial, sequentially compact). 
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Proof. If is positive on L then by Theorem 16.31 and Proposition 14.21 K is an image 
of L X 2 under a finite-valued upper semicontinuous set-function; we conclude applying 
Lemma 13.11 

If is zero at some point then we first use Lemma 16.41 and continue with K + 1 
replacing K. □ 
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